The ability to perform shape retrieval based not only on full similarity, but also partial similarity is a key property for any content-based search engine. We prove that persistence diagrams can reveal a partial similarity between two shapes by showing a common subset of points. This can be explained using the MayerVietoris formulas that we develop for ordinary, relative and extended persistent homology. An experiment outlines the potential of persistence diagrams as shape descriptors in retrieval tasks based on both full and partial similarity.
Introduction
Distinguishing and recognizing deformable shapes is an important problem, encountered in numerous pattern recognition, computer vision and computer graphics applications. A major problem in the analysis of non-rigid shapes is finding similarity of deformable shapes which have only partial similarity, i.e., have similar as well as dissimilar parts.
Persistent homology is an algebraic tool for measuring topological features of spaces and functions. It allows for a multi-scale analysis of topological data. The scale at which a feature is significant is measured by its persistence. Motivated by the problem of describing and recognizing deformable shapes, persistence of 0-homology, also known as a size function, has been studied for years first in computer vision (Frosini, 1992; Verri et al., 1993) and later in computer graphics (Biasotti et al., 2006) . Persistence of higher homology was originally introduced to study alpha-shapes and later applied to pattern recognition (Carlsson et al., 2005) . Using persistent homology, we obtain a shape descriptor in terms of a multiset of points of the plane, called a persistence diagram (or a barcode). Comparison of persistence diagrams by a distance such as the Hausdorff distance gives a stable methodology to assess shape similarity (Cohen-Steiner et al., 2007) .
In this paper we study how the problem of assessing partial similarity can be dealt with using persistent homology.
To this end, we begin looking for Mayer-Vietoris formulas for persistence. A Mayer-Vietoris formula is a formula relating the ranks of the homology groups of spaces X, A, B,C when X = A ∪ B and C = A ∩ B. A Mayer -Vietoris formula for ordinary persistence has been obtained in (Di Fabio and Landi, 2010) . Similar formulas also for relative and extended persistence are a novel contribution of this paper.
In ordinary persistence, the Mayer-Vietoris formula yields relationships among the persistence diagrams of X, A, B,C. These relationships indicate that the presence of A in X can be revealed by the presence of a common subset of points in the persistence diagrams of A and X (analogously for B and X).
This idea is effectively used in the final experiment, dealing with the detection of both full and partial similarity of shapes.
Background on ordinary, extended and relative persistence
Persistence involves analyzing a topological space Y through the evolution of a family of its subspaces nested by inclusion, i.e. a filtration. Applying homology to the filtration allows us to measure the lifetime of topological features in passing from a set of the filtration into a larger one. The basic assumption is that the longer a feature survives, the more meaningful or coarse the feature is for shape description. Vice-versa, noise and shape details are characterized by a shorter life.
A special type of filtration is the one formed using the sublevel sets
The filtration {Y u } u∈R is used to define ordinary persistence as follows. Given u ≤ v ∈ R, we consider the inclusion of Y u into Y v . This inclusion induces a homomorphism of homology groups (u, v) . When this group is finitely generated, we denote its rank by Ord less, it does not take into account the fact that some topological features could give rise to essential homology classes of Y that never die along the filtration, still being produced by noise or expressing shape details. To overcome this problem, we can consider the following extension of persistence, in which all homology classes eventually die. This allows us to rank also topological features with unbounded lifetime.
To define extended persistence, also the superlevel sets Y u = ϕ −1 ([u, +∞)), u ∈ R, are used. First, we consider the filtration {(Y,Y u )} u∈R , with R inversely ordered, in which the pair of sets
Its image is called the relative kth persistent homology group of Y at (u, v) . When this group is finitely generated, we denote its rank by Rel u,v k (Y ). Finally, concatenating the two previous filtrations, we can define extended persistence as follows. Given u, v ∈ R, the inclusion of the pair
Its image is called the extended kth persistent homology group of Y at (u, v) . When this group is finitely generated, we denote its rank by Ext
More details on ordinary, relative and extended persistence can be found in (Cohen-Steiner et al., 2009 ).
Mayer-Vietoris formulas for persistent homology
In this section we give Mayer-Vietoris formulas for ordinary, relative and extended persistent homology.
Given a triad (X, A, B) with X = A ∪ B, a Mayer-Vietoris formula is a relationship among the ranks of the homology groups of X, A, B and C = A ∩ B. It is obtainable from the Mayer-Vietoris sequence
when this sequence is exact. We recall that the homomorphism
According to the homology theory we use, different assumptions on the triad guarantee that the Mayer-Vietoris sequence is exact. To keep these assumptions to a minimum we shall work withČech homology. Indeed, inČech homology, it is sufficient that triads are compact and homology coefficients are taken in a vector space. Moreover, for triangulable spaces,Čech and simplicial homology coincide (Eilenberg and Steenrod, 1952) .
In the context of persistent homology we endow X with a continuous function ϕ, and A, B and C with the respective restrictions of ϕ. We assume that (X, A, B) is a compact triad, and that the homology groups of the sublevel and superlevel sets of ϕ, ϕ |A , ϕ |B , ϕ |C are finitely generated. Moreover, we take homology coefficients in a field, so that persistent homology groups are vector spaces. These notations and assumptions will be maintained throughout the paper.
The novel idea in obtaining Mayer-Vietoris formulas for persistent homology is that of interlacing Mayer-Vietoris sequences with long exact sequences containing the maps that define the persistent homology groups. In the case of ordinary persistence, which is defined by the homomorphism H k (X u ) → H k (X v ) induced by inclusion, we shall use the long exact sequence of the pair (X v , X u ), and the analogous ones for A, B,C. In the case of relative persistence, which is defined by the homomorphism H k (X, X u ) → H k (X, X v ) induced by inclusion, we shall use the long exact sequence of the triple (X, X v , X u ), and the analogous ones for A, B,C. Finally, in the case of extended persistence, which is defined by the homomorphism H k (X u ) → H k (X, X v ) induced by inclusion, we shall use the long exact sequence of the proper triad (X, X u , X v ), and the analogous ones for A, B,C.
A Mayer-Vietoris formula for ordinary persistence
Since (X, A, B) is a compact triad and ϕ is continuous, also (X u , A u , B u ) is a compact triad for each u ∈ R. Therefore, for each pair of values u, v in R, with u ≤ v, and k ∈ Z, we can consider the following diagram
where the horizontal lines are part of exact Mayer-Vietoris sequences of the triads 
A Mayer-Vietoris formula for relative persistence
In almost the same way as for ordinary persistence, we can deduce a MayerVietoris formula for relative persistence.
For each u ≥ v ∈ R, (X, X v , X u ) is a compact triad with X u ⊆ X v ⊆ X. So, we can consider the following long exact sequence of the triple:
Analogous exact sequences exist for A, B,C.
Therefore we have the following diagram for every k ∈ Z:
where the horizontal lines are part of exact Mayer-Vietoris sequences of the triads
, and the vertical lines are part of long exact sequences of the triples (X,
Applying Lemma 3.2 to Diagram (2), and observing that Rel 
Mayer-Vietoris formulas for extended persistence
We now deduce Mayer-Vietoris formulas for extended persistence. The main difference with the previous cases is that, here, both sublevel and superlevel sets are involved, with u, v varying in R. So, it will be necessary to distinguish the two cases u < v and u ≥ v. Theorem 3.4. For every u, v ∈ R, and k ∈ Z, the following statements hold:
, and δ k−1 as in Diagram (5). Proof. Let us consider the triad (X, X u , X v ) for fixed u, v ∈ R, and, for the sake of conciseness, let us denote X u ∪ X v simply by ∪ X v u and X u ∩ X v by ∩ X v u . Since this triad (X, X u , X v ) is compact, and hence proper, for every u, v ∈ R, its homology sequence
is exact (Eilenberg and Steenrod, 1952) . Let us consider separately the two cases u < v and u ≥ v. In each row retrieved shapes are ordered by increasing distance. The first retrieved shape is omitted being always equal to the query shape.
using only ordinary and extended 0-th persistence. Table 2 shows the retrieval obtained using the Hausdorff distance on extended sub-diagrams and the partial Hausdorff pseudo-distance on the ordinary sub-diagrams. The partial Hausdorff pseudo-distance automatically selects a fixed fraction of the persistence diagrams points giving the best matching and uses only this subset to compute the Hausdorff distance (Huttenlocher et al., 1993) . We considered the 98% of points of each ordinary persistence sub-diagram. Our test shows that, by using persistent homology to retrieve shapes from this dataset, the similarity relations assumed as ground truth are respected.
Based on these results we conclude that persistent homology performs nicely for the needs of automatic partial similarity assessment, and could be exploited in content-based shape search engines.
Since in this paper we developed Mayer-Vietoris formulas also for relative and extended persistence, possible advances could concern obtaining from these formulas results analogous to Theorem 4.1. One difficulty in this respect is that one should first develop an appropriate notion of multiplicity for points to belong to these sub-diagrams.
